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Collineations whose Characteristic Determinants have 
Linear Elementary Divisors * ivith an Application to 
Quadratic Forms. 

By A. B. CoBLE.f 



Weirstrass' solution of the problem of the equivalence of two non-singular 
pencils of bilinear forms is based on the simultaneous reduction of two members 
of a pencil to a normal or canonical form. SegreJ has employed Weirstrass' 
normal form to obtain a classification of collineations, and has discussed the pro- 
jective properties of the various classes. 

In general, the reduction to this normal form is not unique. A later method, 
devised by Darboux|| and perfected by Stickelberger,§ clearly indicates, by the 
introduction of systems of parameters, a certain freedom in the reduction. How- 
ever, the conditions to which the parameters are subjected are of a rather vague 
nature. 

In the following only the general class of collineations mentioned above will 
be treated. A method will be given for writing down in terms of parameters 
the most general normal form of a collineation of this class. Moreover, the 
restrictions upon the parameters will appear in very simple form. 

* A quite complete account of the literature on this subject is given by Muth — Elementartheiler 
(Teubner, 1899). Only important references will be given hereafter. 

t Carnegie Institution, Washington, D. C 
t Beale Acad, dei Lincei (1884), Ser. 3a, Vol. XIX, p. 6. 
II Liouville's Journal (1874), Ser. II, Vol. XIX, p. 347. 
§ Crelle's Journal (1879), Vol. 86, p. 20. 
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Section I. 

§1. — Generalities on Gollineations.* 
The bilinear form 

A = 2^ a^x.u,, == (ax){ua) = (bx){u^) = . . . . (t, x = 1 , 2, . . . . n) 

in contragredient variables a; and u, which are considered as point and planef 
coordinates in a linear space of n — 1 dimensions, #"~\ represents, when equated 
to zero, two collineations in S n ~ 1 , which are inverse. The one collineation is 
given in the form of a point correspondence, the other in the form of a plane 
correspondence. As we shall be interested only in points and planes which are 
unaltered by the collineations.J the distinction between the two is not material. 

The number and relative position of the fixed points and planes of A is 
determined by the behavior of the characteristic determinant of A. We assume 
first that none of the roots of the characteristic equation are zero, i. e. the col- 
lineation is non-singular. If any root substituted in the characteristic determi- 
nant makes all minors of degree n — p vanish but not all of degree n — p — 1 , 
there is a linear point spread of dimensions p, P p , every point of which is a fixed 
point. Corresponding to this same root, there is a linear plane spread of dimen- 
sions^?, IF, every plane of which is a fixed plane. P p and IP will be called the 
fixed spreads of the selected root. No point of the fixed spread of one root lies 
in the fixed point spread of any other root. A point of the fixed spread of one 
root lies on every plane of the fixed plane spreads of every other root. A point 
of the fixed point-spread of a root may or may not lie on all the planes of the 
fixed plane-spread of that root. 

§2. — Statement of the Problem. 

Collineations of the kind under consideration may be characterized in 
various ways : 

(1). Their characteristic determinants possess only linear elementary divi- 
sors. 

* See Segre, loo. cit. 

t By plane is meant a linear spread of dimensions n — 2 in S" ~ 1 . 

I Such points and planes will be called " fixed." 
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(2). No point of the fixed point-spread of any root lies on all the planes of 
the fixed plane-spread of that same root. 

(3). If the characteristic determinant has a root of multiplicity p -f- 1, that 
root makes all the minors of the determinant of degree n — p vanish. 

Any one of these three properties necessitates the others. It may easily be 
shown that the fixed point-spaces of the various roots are not only entirely 
separate but also linearly independent. 

The given collineation will be said to be in a normal form when it is 
expressed by means of n fixed points and n fixed planes, which together form a 
" basis" in $*~\ In the following the most general normal form will be sought, 
i. e. one which contains parameters, by particularizing which all possible normal 
forms are obtained. It is further desirable that the geometric meaning of these 
parameters and of the conditions to which they are subjected, be evident from 
the reduction ; also, that the reduced form itself shall contain explicitly only the 
ordinary invariant forms of the collineation (including the roots of the character- 
istic equation). 

§3. — Combined Parametral Representation of the Spaces P p and IP of a Root 

of Multiplicity p + 1 . 

Let v be a fixed plane of J.. Then v satisfies the identity in x, 

(ax)(va) — X (vx) , 

where X is a root of the characteristic equation of A. Suppose it is a root of 
multiplicity p + 1. By hypothesis, it makes all the minors of degree n — p of 
the characteristic determinant vanish, p + 1 equations of the identity may be 
discarded and n — p — 1 of the coordinates v, solved for in terms of the others. 
For symmetry, however, a method employed by Hilbert* for binary forms will 
be used. The n equations of the identity are extended by the addition of p -f 1 
new variables p , p x , o % , . ■ . • p p with arbitrary coefficients. The identity 

{v 1 x 1 + v % x t + + v n x n ) — (vx) = 

is added to the system as well as the p relations 

(vx 1 ) = 0, (vx 2 ) = 0, (vx p ) = 0. 

* Math. Annalen (1887), Vol. 28. 
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The system then reads 
v 1 (a^i — X) + v % a x a % 



v 1 a s po 1 



+ v. 



— X) + . . + v n a z a n 



+ 0U t + pjU\+ . . + p p Uf = , 

+ pw s + Pl*4+ . . + p^« 3 P =0, 






ViXj 



+ Va^naj 4- • • 4 v n (a„a n — X) + p u„ + p^ 4- . . + p^w,? = , 

+ v. 4 x z 4 .. +v n x n = 0, 

— (vx) 
4- tvej 4- • • 4 v n x l n = , 



v&? 



+ v»«f 



4- • . 4 v n xg 



0, 



a system of n + p + 1 equations in the % 4- ^ + 2 unknowns v., p, p., (vx). 
The values of p and p,, as determined from this new system, are zero, since they 
may be expressed in terms of minors of degree n — p. The system as modified 
above is then equivalent to the original system and the p added relations. 
Solving for the unknown (vx), we have (the symbol, =, being understood to 
mean " is proportional to"), 



(vx)^W,(X) = (—l)' 




Hence W p (X) is for arbitrary values x 1 , as 2 , .... x p , the equation of the fixed 
plane of IP which passes through the selected points cc\ . . . . , x p and this regard- 
less of the values of u, it 1 , .... , u v if only they are not such as to make W p (X) 
vanish identically. But from the self-dual nature of the result, this theorem 
follows : 

(1). If his a (p 4- lytuple root of the characteristic equation, W p (X) is the 
product of a fixed point of P p and a fixed plane ofW, the fixed point lying on the 
selected planes u 1 , .... , u v ; the fixed plane passing through the selected points 



x\ 



,x*>. 
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The fixed plane is determined rather by the linear space, S p ~ l , which passes 
through the selected points x 1 , . . ■ ■ , x". Any linearly independent set of p 
points of this S p ~ 1 will determine the fixed plane as well as the selected set. 

W P (X) contains one set of variables x, u and p sets of parameters 
x l , u 1 , . . . • , x p , u p ' If the parameters do not appear, the determinant will be 
denoted by W(X). If also the variables do not appear, the (characteristic) deter- 
minant will be denoted by W (X). Expanding W (X) in powers of A , we may 
write 

W 9 (X) = X n + o 1 V 1 + c^ n ~*+ •••• +c n _ 1 A + c n . 

We wish now to obtain the expansions of W(X), W x (X) , . . . . , W p (X) in 
terms of c t , powers of % and powers of A. For brevity, the symbolic notation 
for forms will be used. We put 

E=A° = (ux), A l = (ax)(ua), A s =(ax)(ba)(u^), etc. 



Consider the series 

,_ A A 1 A 2 

% + X "*" ,X 



8=^ + -^-+* + 



which converges for sufficiently large values of /L . Then 

a + X 2 "*" a, 3 



SA=±+4r + 4r + 



A 1 42 AB 

SXE = A" + A- + -jf + -J- + 

^(^i?— ^L) = ui° = JB' 

•'• WM-B&r + OiW- 1 + <&«-'+.... + Cn )(^ + -^- + ~+ ....). 

Since the right-hand member is equivalent to a polynomial, it must itself 
reduce to a polynomial. Therefore, expanding and neglecting negative powers 
of 3., we have 

W(X) = {X'- 1 + c 1 W-*+ .... +€„_,) A" 

+ (*,"-» + Cl ;t"- 8 + .... +Cn _ 2 )A l + .... +(l + c 1 )A«-z+A n - 1 
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lfd n _ K =V t -' + c 1 ^-"-' 1 + .... +c n _ K , 

W(X) = d n _ 1 A° + d n _ s A* + d n _ 3 A*+.... +A«~\ 

The same result might be obtained by taking the evectant of W (%) as to 
the coefficients of A , and changing the sign. Comparing this result with the 
one already obtained, we see that the evectant (with negative sign) of c x is A ; 
of c % is Cj4° + A 1 ; of c 3 is c 2 A° + c x A l + A 2 , etc. 

Wt (X) may now be obtained from W(X) by again taking the negative evec- 
tant, new variables x 1 and u 1 being introduced. First, it is evident from the form 
of Wi(X) that all terms in its expansion will fall into one of two sets, the one set 
being obtained from the other by permuting x and a; 1 and changing sign. Also, 
the terms must be either of the form (i.A (x, u) . A K (x l , u 1 ) or of the form 
vA l (x, u 1 ) . A m (x 1 , u). The sum of terms of the first form and the sum of terms 
of the second form make up the two sets above mentioned. In taking the evec- 
tant of W(%), terms of the first form arise when A 1 is considered constant and e, 
variable ; terms of the second form when c ( is considered constant and A 1 vari- 
able. Since the result of evection upon c, is known, we may write at once 

Fi (X) = d n _ ,A°A° m + d n _ 3 (*> A\) + ^<i>) + • • • • 

+ (A'Afc' +..-•+ A«-*A° a) ) - R 1 , 

where A l m is A' written with variables x 1 and u 1 and R x is the result of permuting 
x and x 1 in the previous terms. 

By a similar argument, we may write 
"s W = d n _ s A A m A a) + d n _ A (A A {V) A^ + A A m A iZ) -+- A A a) A i2 )) + • • • • ± -R 3 , 

where =fc R z is the result of permuting x, x 1 and jc 8 in the previous terms, the 
sign of the permutation being attached. In general, 

TF P (a)=dL_,_ 1 2 + 4_,-«2+ •••• + 2 ±i? *» 

Ire — p — 1 

where ^ i s the sum of the homogeneous terms of degree x, composed of powers 

K 

of A, J. (1) , A w , . . . . , A (p) and R p , has a meaning entirely analogous to that of 
R x and R^ 
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§4. — The Identical Gollineation of the Spaces P p and IF. 

Connected with the series of forms TPj (X), .... , W p (X) is a series of covar- 
iant collineations obtained by taking the bilinear invariant as to each pair of 
parameters x K and u", the process being repeated until the parameters no longer 
appear. Manifestly, the same result will be obtained by taking the successive 
derivatives of W (X) with respect to X . We define then 

Writing as before 

W(X) = d n _ t A + d n _^ +....+ A n ~\ 

we may put 

WW (X) = dgL Z A° + d$_ 3 A 1 + . . . . + A" - \ 
W™ (X) = df_ 3 A° + d™_ ^ + . . . . + A" ~ 3 , 

W ( » ) (X)==di'>l p _ 1 A + d«l p _ i A 1 + .... +A*-*- 1 . 

X being a ( p + l)-tuple root of Tf (A,) = 0, the various sets of coefficients 
d<- k) have perfectly definite values. The d, are the coefficients of an equation 
which has all the roots of W (X) = except one root 7l. The df are the coeffi- 
cients of an equation which has all the roots of Wo(X) — except two roots /I , 
etc. Finally the d[ p) are the coefficients of an equation which has all the roots of 
W (X) except p -f- 1 roots A. Hence, among the sets of coefficients, we have the 
relations 

(p = 0, 1, , p — l)(x = 1,2, n — p). 

Of these collineations W(X), W a) (X), , IP* -"(A) vanish identically, for 

they are expressible in terms of minors of degree n — p or greater. With 
regard to W (p) (X), we have the theorem : 

(2). W W (X) is a singular collineation. Its singular point-spread is the linear 
spread determined by the fixed point-spreads of all the roots other than X. 
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For, let cc be a fixed point of A corresponding to the root \. Then the 
homolog x by W p) (X) is 

(<#>-,_, + M?L,_ 8 + %dZl p _ 3 +....+ K-'-yttx) = 0. 

Since Xi is a root of the equation with coefficients dp\ the first factor vanishes, 
i. e. x is a singular point of W (p) (X). Also, it is evident that — 

(3). For the fixed point-spread of the root /I, W® (X) is the identical collinea- 
tion. 

Since every point is linearly expressible in terms of all the fixed point- 
spreads of A , it follows that — 

(4). If the linear spread of dimensions n — p — * determined by the fixed point- 
spreads of all the roots other than /L, and a point x, cuts P p in a point x', tlien x 1 is 
the homolog of x by W (p) (X) . 

W {p) (X) projects, therefore, a point, in general position, upon the fixed 
spread P p . Analytically, W (P) (X) may be employed as a transformation 
which replaces a general point x by a fixed point of P*. Properties of W p) (X) 
dualistic to those stated, may at once be supplied. 

§5.— Transformation of the Determinant W P (X). 

The parameters as 1 , , x p , appearing in W p (X), have thus far been unre- 
stricted. Instead of selecting these p points arbitrarily, we will now require 
that they be p points of the spread P p . W p (X) will still represent any plane 
of IP. For a plane of IP cuts P p in an S p ~\ and the p arbitrary points may be 
selected in this S p ~\ This new choice of parameters may e b analytically 
effected by replacing the variables x" by new variables x* by means of W {p) (X) 
according to theorem (4). The effect of this transformation will be followed out 
in the expanded form of W P (X). 

We suppose, first, that W Q (X) — has, besides the root A of multiplicity 

p+1, the further roots X, X 2 , % a of multiplicity p x -f-1, p z +l, ,p. + i 

respectively. Then 

W{X) =(A — XA°y(A — XA«¥> + 1 .... (A-%,JFY' + X = {A - XA,ff{A), 
W l) (X) =(A — XA°Y ~ l f{A) , 

W^(X)=f(A). 
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We employ now the following theorem due to Frobenius :* 

(5). If 4 (ju) is the n th elementary divisor of the characteristic determinant of a 
bilinear form of 2n variables, then ^ (A) = is the equation of lowest degree which 
the form A satisfies. 

Since, in the present case, the elementary divisors are all linear, we have, as 
the identity of lowest degree which the form A satisfies : 

(A - %A°)(A — M°)(i - y°) .... (A — l„A°) = . 

Recalling the value off(A), we have, as a consequence of this identity: 

W (P) (X).(A — ;u°) = o, 
or W-^^.A =hW (p) (X), 

hence W {p) (X) .A z = tf W^ (X) , etc. 

Arranging the expanded form of W P (X) in powers of A (p) , it takes the form 

L 1 n-p-1- 1 

+ A\Jd n _ v _^2< + 4- P - 3 2 + • • • • +2 I + • • • • 

L o 1 »— p-2-J 

L 1 -J 

We note at once that in operating on this expression, B p may be neglected, 
the result of operation on its term being inferred from the result on the previous 
terms. Also, where no ambiguity may occur, we write W u>) (X) as W p) . 

We replace now the variables x p in A\ p) by operating with variables u in 
TP (P) (u, x p ). According to the above identities, the result is simply 7i l l W' p) (x p , « p ). 
W (p) (x p , u p ) will then factor out from the above expression. The remaining 
factor is 

+ x— »-»[^2 +2] + 2,n ~ p ~ 1 ? 

» Crelle's Journal (1878), Vol. 84, p. 12. 
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in which the coefficient of V is 

i— i 

dL_,_ i + a4._,_._ 1 + .... v-»- = <4 1) _ p _ l , 

since <?»=d< 1) — ^ 1 Li. 

The factor in question is then 

«l,-i2 + ^-.Z +•■••+ <E +2 • 

] n— p— i n— j>— 1 

Proceeding in the same way with this factor, we find, on transforming the 
parameters as*"- 1 , that W m (« p_1 , u p ~ x ) separates, leaving a new factor 

n— p— 1 

Finally, we have, as a last factor after transformation of all the parameters 
d%l p _ 1 A<> + d%l p _ 3 A 1 + .... +A—»- 1 =W w {x,u). 

The result, then, of the transformation of the parameters in the principal 
part of W p (ft) is 

W ip) (x, u) . W™ (x\ u 1 ) . W w (x*, v?) .... W M (af , v?). 

To obtain the complete result, we permute x , as 1 , . . . . , x p in all possible way, 
prefix the sign of the permutation and add. This result may be expressed 
thus: 

(6). If in W p (ft) the parameters x 1 , ■ ■ . ■ , x p are transformed by means of 
W^ (ft) , the result may be put in the form 



7p(ft) = 



W™ (x, u) W lp) (x\ u) .... W ip) (x p , u), 
W {p) (as, u 1 ) FF (P) (as 1 , u l ) .... W™ \x p , u 1 ) , 

W p) (as, u p ) W (p) (as 1 , v?) .... W lp) (x p , u p ) , 



§6— The Normal Form of TF (p) (ft). 
In the identity of theorem 6 we assume 

W (p) (as*, u") = , i =f= x and W (v) (as', «') 3= . 
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p 
Let JXTr^O 8 *, M ') denote the product of the p factors W (p) {x\ u 1 ), W ip) (»*, u*) 
i 

p 

W (p) (x p , u p ) and let JJ t * W (v) (x\ w') denote the result of replacing in 

i 
p 

|X W (p) (x l , u*) the factor W {p) (x K , u K ) by W ip) (x, u") . W v) (x% u), then we may 
i 

expand the determinant for V p (X) in the form 

V p (*) = W {p > (x, u) IX, WV> {x\ «') —J 1I« ^ (a: 1 . «»') • 



K = l 



Solving this equation for W {p] (x, u) = W {p) (Jl), we have 

^w+2n ^ (p v-o 



TF w (^)= 



t=i 



n.TR'csB 1 , «o 



W^ (/I) is then expressed in terms of the p points W ip) (x\ u) and the p 
planes W ip) (x, u 1 -) (t = 1, 2, .... ,p) and the point and plane V P (X). Each of 
the p points lies on all the p planes except that which has the same index i. 
For the bilinear invariant of W w (x\ u) and W {p) (x, u K ) is [W ip) (x\ u K )} 2 or 
/(X) . W w (x\ u K ). Since /(/I) ^= 0, this does or does not vanish according as i 
is not or is equal to x. Also, from the above property of the square of W ip) (/I), 
it follows that the result of operating with W^ (x\ u) or W (p) {x, v!) on V P (X) 
vanishes. 

We still have to show that under the conditions put upon the parameters, 
the point and plane given by V p (X) are not incident, i. e. that the bilinear invar- 
iant of V p (/I) is not zero. The bilinear invariant of the p negative terms of V p 

p v 

is —p.f(X). Jj W^ (x% u l ); of the positive term is JJ t W w (x\ w') times the 

i ' i 

bilinear invariant of W (p) . Since the bilinear invariant of A" is 2/1*, the sum- 
mation, including all roots, we may write the bilinear invariant of TF° J) {X) in 
the form 
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(P + 1)/W + (Pi + !)/(**) +••■•+ (p. + l)/(*v) , 
of which all terms vanish but the first. Hence the bilinear invariant of 

r p (a) is 

1 

From this follows the theorem : 

(7). The formula I gives the most general normal form of W (P) (X), the identical 
collineation in the spaces P p and IP. The points and planes occuring in the formula 
are situated in P p and IP respectively. Points and planes with different indices 
are incident {the point and plane, V p , being supposed to have the same index). The 
parameters are subjected only to the conditions 

W ip) (x\ W) = 0, i =fr x and W™ («\ «')=£<), (i, » = 1, 2, p). 



§7. — The Normal Form of the Collineation A. 

Denoting by / {n) a polynomial which has all the roots of W (fi) except the 
p t + 1 roots \, then f (A) = W lp ? (\) . A treatment entirely similar to that of 
TT (P) (X) will give for each WY ) (K) the corresponding normal form. Also put 

$ (A) = (A- *A )(A — M°) .... (A- \A°) = 0, 

f (A) is a polynomial in A . The highest degree to which A may occur is n — 1 
(in case \ is a simple root). Suppose the highest exponent of A in f(A) or 
f(A) is x. To the a + 1 identities 

/.(IJsFWW, 

which may be viewed as equations in the unknown A , A 1 , A 2 , . . . . , J.", we add 
that the x — <r identities 

.A'4>(.4) = 0, t = 0, 1, ,« — or — 1. 

The determinant of this system of x + 1 non-homogeneous equations in the 
x -+- 1 unknowns J. , .... , J." is not zero. For the vanishing of this determinant 
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would require the existence of quantities p, p lP . . . . , p K , not all zero, and such 
that 

tfiti + KfM + ■■■• +p«/-G'0 + p.+i*(p)+ •••• +p/-'- , ^)so 

for all values of p. But for (*.=%, the identity becomes simply pf(X) = or 
p = o. Similarly, we show that p t = (t = 1, 2, . . . . , a) . The identity must 
then take the form 

P- + i$(^)+P<r+*^(jO + •••• +p^- <r - 1 4)(^) = 0, 

which is valid only if $ (fi) = 0. Hence the determinant of the above system 
does not vanish. The system may then be solved for the unknown A 1 , and we 
have 

II. A l =b W^ (X) + h W^ (A,) +....+ K TP»»> (%,) , 

where the b, are functions of the roots of the characteristic equation only. 

We have then the theorem : 

(A). The formula II, in which W^ l) (\) is replaced by its normal form accord- 
ing to formula I, is the required general normal form of the collineation A. 

That the n points and planes of this normal form make up a " basis" in 
IS" -1 is at once seen from the fact that they are all fixed points and planes and 
that every fixed point (plane) of one root is incident with every fixed plane 
(point) of every other root. 

The same set of equations gives as well the values of certain powers of A , 
and in particular of A . Solving for J. , we have 

III. A = V TP»> (X) + b[ W™ (So) + ....+ K IP**' (K). 

From formulae II and III theorem (B) follows : 

(B). The identical collineation in jS" 1-1 may be expressed in terms of the points 
and planes which enter into the general normal form of the collineation A. 

In a way this is trivial, since those points and planes form a "basis" in 
But by the use of theorem (B) we may obtain the normal form of J. as given 
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by the usual methods. We will show first that 

b=-W and J,=A, t 6 t ', i= 1, 2, <r. 

Since f(A)=W^(X), then Af(A)=*,W*\X). 

Hence the a + 1 identities 

and the x — a identities 

A l + l Q(A) = (t = 0, 1, .... , x — a — 1) 

form the same system to obtain .4 as the original system to obtain A , except for 
the additional factor \ in the right-hand members. 

A 1 = V% W™ (X) + Vfc W™ (*o) + • ■ • • + J ^» "^ (*») • 

A comparison of this with formula II verifies the above assertion. There fol- 
lows then 

(C). If the identical collineation in the form III he written again as 
A = U 1 X 1 + U,X, + ....+ U n X R , 

the collineation A in the form II mil take the new form 

A = l(U 1 X 1 + .... + U P + 1 X P + 1 ) 

+ ^i(^> + 2-^p + a+ . . . • + U p + Pl + i X p 4.^ + 2) + . . . . 
+ \((J,.,I„. f( +•••• + U»X n ). 

This is the normal form as usually written. 

The peculiar relations of the minors of the determinant of the above sys- 
tem are worth notice, though easily read off from the above development. 

For later use, we consider further the case ofp = n — 1, i. e. the case of A 1 , 
the identical collineation in S n ~ 1 . W tp) (X) vanishes identically ; W p (X) 
becomes simply the determinant product 

I x , as 1 , se 8 , , x p I I u, u\ 1$ , u p I . 

The transformation (§5) of W P (X) into the determinant form V p (&) here 
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becomes simply the multiplication of the determinant and our fundamental form- 
ula becomes 



| X , X 1 , X i , , X p | | U, U 1 , U S , . . . . , U p | == 



(ux) (ux 1 ) .... (ux p ) 
(u l x) (wV) (uhP) 

(u p x) (u p , x 1 ) .... (u v , x p ) 



Assuming as before (u,x K ) = 0, t =fcx and (u l x l ) =£ 0, also writing JX^ 85 ') f° r 

i 

(u 1 »»)(«? a?) .... (tt*a; p ),but 

p 
H« («'»*) for (u l x l ) (it"- 1 x K - 1 )(ux K )(u K x)(u K+1 x K+1 ) (vPx*), 



p 



1 
we may solve for (ux), obtaining 



\x, x\ aP\ \u, u 1 ,vP\ +2 II-^^) 

(ux) = p 

n,(^') 

This is the expression of the identical collineation (ux) in S" -1 in terms of 
the most general basis of aS" _1 . 



Section II. 

The Reduction to Normal Form of Non-singular Pencils of Quadratic JBvrms 
whose Determinants have only Linear Elementary Divisors. 

§1. — The Collineation Determined by the Groundforms. 
(oa)*=2a«*.*« 

t, K 

and (bxf^b^x., 

I, K 

where a lK = a Kl and b lK = b Kl , i,x=l, 2, n, 
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be two quadratic forms such that the determinant of (ax) 2 — % (bxf has only 
linear elementary divisors. We may suppose also 

\a lK \=f=0 and \b lK \ =f=0. 

For, if the pencil of forms is non-singular, two non-singular members may be 
selected as groundforms. Let 

(u($f =2 A, « t «* t, * = 1, 2 , n 

I, K 

be the reciprocal to {bxf, so that 

(«/3)(&/?)(&a;)* = («*;). 

The two groundforms equated to zero represent in S n ~ l two quadratic surfaces, 
(u(3) s = being the quadratic (bxf = in reciprocal coordinates. 
Consider now the collineation 

A = {ax)(a(3)(uP)=0, 

which is set up by taking for the homolog of x the polar point as to (w/?) 2 = 0or 
(bxY = of the polar plane of x as to (axf = 0. 

(l). The characteristic determinant of the collineation A has also only linear 
elementary divisors. 

For ihe determinant of the pencil of quadratic forms is that of the pencil of 
bilinear forms 

{ax){ay)-X{bx){by). (2) 

Transform the variables y by operating upon them with the variables v of 
(u/3)(i?/?) and there is obtained the new pencil of bilinear forms 

(ttf)(aa>)(a/0) - * (h^){bx){u^) 1 (3) 

or (ax)(a(3)(u(3) — X (ux) . i 

Since the pencil (2) may be transformed into (" is equivalent to ") the pencil (3), 
according to a theorem of the theory of forms, the elementary divisors of the 
pencil (3) coincide with those of the pencil (2). 



Elementary Divisors with an Application to Quadratic Forms 41 

We suppose, as before, that the characteristic equation of A has a + 1 roots 
%, &!, . . ■ ■ , \ of multiplicities p ■+■ 1, p t -\- 1, .... , p a -f- 1 respectively. Also, 
we retain for the collineation A and its allied forms the notation of Sec. I. 

From the definition of the collineation A and of its fixed planes and points, 
this theorem follows : 

To every fixed point of P v is coordinated a fixed plane of IP, the point and 
plane being pole and polar as to both (axf = and {bxf=^ or (ufif = 0. The 
fixed point and plane will be called " corresponding." 

It is this correspondence which differentiates the collineation of the form A 
from the more general or rather the more arbitrary collineation treated in 
Sec. I. 



§2. — A Further Transformation of Parameters. 

We have already obtained an expression of the identical collineation A * (in 
the space S" -1 to which A refers) in terms of the fixed points and planes of the 
various roots. For our present purpose a further specialization of the para- 
meters is necessary. We seek to dispose of the parameters which enter into the 
expression of J. so that point and plane of the same index will be corresponding. 

First the point y and the plane v whose product is given by W P (X) are such 
that y lies on the arbitrary planes u 1 , u?, . . . . , vP and v passes through the 
arbitrary points x 1 , x 2 , . . . . , x p . This set of points being chosen we may take 
u 1 to be the polar plane of x 1 , u? the polar plane of cc 2 , etc., all as to (axf = 0. 
Since y lies on u 1 , u?, . . . . u p its corresponding plane passes through x l , a; 2 , . . . . x v 
and being a fixed plane must be v. Hence: 

If in W p (/I) , u\ (i = 1 , 2 p ; x = 1 , 2 , . . . . n) is replaced by (ax 1 ) a K , 

W v (X) is the product of corresponding point and plane. 

This holds whether or not the parameters refer to fixed points, i. e. this 
transformation of the parameters JJ\ may also be carried out on V P (X) and the 
result will be the product of corresponding point and plane. The expression of 
V P (X) in determinant form in both variables and parameters and may be written 



* Sec. I, §7, Theorem (B). 
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W (p) (as, u) W lp) (x p , u) 



L '(v) \") J «'=(«*')«« — 



(6) 



W (p) (x, u p ) W (p) (x {p \ M (p) ) 

i= 1, 2, . . . . p, x=l,2,....n. 



u'e = (era*) a K 



As before we assume 



[ w™ (x\ vry\ K = (wt) aK = o for ; ^ ™ , ^ 

\W™(x\ «0]«.=(« )fc *O, (I, f» = l, 2 jp).J 



(7) 



And, as before, we may solve for W ip) (x, u). 

There remains to show that the other points and planes of the same index, 
e. g. W lp) (x s , u) and [TT (P) (cc, « s ) M s _ (aa ,. )fle are also corresponding. Now the 
polar of W (p) (x*, u) as to {axf = is [W ip) (x% uj] Uic - (ax) a . W ip) (x*, u) may be 
expressed in powers of A, every power of A in which x is replaced by x s and u K 
by (ax) a K is symmetrical in x" and x. Hence 

[F*>(af, «)]* = fo^S [Tf< p > (a., « s )] M . = (a ,. )a „, (8) 

and all points and planes of the same index are corresponding. We have finally 
then 

(9). The formula I of §7, Sec. I, in which the parameters u l „ are replaced hy 
(ax 1 ) a K , gives the most general normal form of W ip) (X) for which point and plane of 
the same index are corresponding. The restrictions upon the parameters are given 
%(7). 

We will denote JF W (X) when the parameters have been disposed as described 
in the theorem by \W {p) (X)~\'. 

§3. — The Simultaneous Reduction of (ax) 2 and (hx) z to Sums of Squares. 

We may proceed as in the last paragraph with the other roots and obtain 
the most general expression of W^J (\) in the form \_W (pi) (\)y. Using the 
primed forms, we have from theorem (B), §8, Sec. I : 
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The identical collineation A in /S'" -1 may be put in the form 

(ux) = V [ F»> (X)]' + b{ [ TV™ (a*)]' +...•+ K [ 1JW (A,)]', ( 1 0) 

to which every point and plane of the same index are corresponding. 

Formula (10) is an identity. We may replace on both sides then u K by 
(ax)a K . The left-hand member becomes (ax) 2 . The right-hand member, as it 
stands, is a sum of terms of the form_p t Z t , where the fixed plane ? t is the polar of 
the fixed point p, as to (ax) 2 = . To replace u K by (ax) a K is to change p, 
into I,. The right-hand member reduces then to a sum of square 2Zf. Let us 
call the result of this substitution for u in [W^ (\)]', [TP^ (*,)]"• Then is 



(axf=£L[biW^(K)Y, 



i = 0, 1, , <r. 



We may also replace in the identity u K by (&a?) & K . On the left-hand side 
(bxf arises. On the right-hand side we obtain terms of the form I, [_pi}u K ^(mb K . 
Since the polar of p, as to (axf = is \ and the polar of Z t as to (ufif = is "kp t 
if a term of the root % is in question, the polar of "kp i as to (w/3) 2 =0 is l t . 
Hence, 

\_P Jm k = (te) 5 K == -»j|- LPUMk =(ax)a K ^ ( 1 1) 

Replacing w K by (bx) b K on the left and by (ax) a K on the right, introducing at the 
same time the factors — - to preserve the identity, we have 

(bxf =2 -£ P.' TPW (a0]» . = 0, 1, 2 , a . 

The preceding results may finally be incorporated in the theorem : 

(A). If the formula III of §7, Sec. I, be applied to the collineation A and 
W lv ' ) (\) , in which the variables u K are replaced by (ax) a K and every set of parame- 
ters u l K are replaced by (ax 1 ) a K , be denoted by [W (Pi) (AJ]", then the formulae 
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and /7 .. A 2 v< 1 



(axy=^bi[w^(\)y, 

W=^lj:[r"'»w]"j 



(12) 



give the most general simultaneous reduction of the two quadratic forms to sums of 
squares. The parameters are subjected only to the conditions 

[*™ w *Ur= (-H | ; o if \ = I { » = °' i' * • • • • >»>} (13) 

W, m— 1, 2, ,_p,.-^ 



§4. — Belated Geometric Facts. 

Two quadrics such that the pencil of quadratic forms determined by them 
is of the sort treated, possess geometric relations of considerable interest. For 
example, our present case may be characterized as follows : 

(14). If the two quadrics in S n _1 , (ax) 2 = and (bx)* = , have contact at any 
point, they have contact on a quadric (in general of dimensions less than n — 2) 
which contains the point; 

First, if all the roots of the characteristic equation are distinct, there is no 
contact, for contact at a point requires the incidence of corresponding fixed point 
and plane, and, therefore, the existence of a double root at least. But for a root 
of multiplicity p + 1, the linear spread P" cuts either quadric in a quadric of 
dimension p — 1, say $ p_1 . But, by definition, if a fixed point lies on one 
quadric, it lies on both, and they touch at this point. The two groundforms will 
then touch along Q p ~ 1 . 

(15). The quadric [W iPi> (\)~\ u =( x) — has for double points all points of 
the linear spread determined by the fixed spreads of the roots other than \. It 
touches (ax) 2 = and (bx) 2 = along the quadric of contact Q Vi ~ x . 
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The polar system of the quadric 

[TT».Wk.(«)*==o (16) 

is given by \W»> (\)] tt/t = {ay) a . = 0, (17) 

for, according to (8), the form (17) is symmetrical in x and y. This bilinear 
form (17) gives for a point x a plane which is the polar plane as to (axf = of 
the homolog of x by TT (Pi) (Xj . Hence, every singular point of W (p <^ (\) is a 
double point of the quadric (15). Since (axf = is non-singular, no other sin- 
gular points exist. Also, if x is a point of Q p <- ~ 1 , its homolog by W (Pi) (A, t ) is 
again x. The polar as to (axf = is then the tangent plane of (15) and 
(axf = 0. 

The quadric (15) contains the whole linear spread determined by a point of 
$ p ' -1 and all the fixed point-spreads of the roots other than \. Since the tan- 
gent planes to (axf = at points of Q p '~ 1 also pass through the same fixed 
spreads and are the only tangent planes which do so, we may say : 

(18). The quadric [ TP" (1 V (\)] Uk== (ax) „ k = is the envelope of the common tan- 
gent planes of (ax) 2 = and (bxf = at their points of contact on Q Pi ~\ 

The conditions upon the parameters in the reduction of theorem (A), §3, 
have now a simple geometric meaning. Speaking only of the parameters enter- 
ing in [TT^'^A,)]", first x l may be chosen at random; x 2 at random upon the 
polar plane of as 1 as to the quadric (15) ; cc 8 at random upon the polar planes of 
both x 1 and x 2 as to (15), etc. Finally, x Pi is chosen at random upon the polar 
planes of x 1 , x 2 , .... , cc Pi-1 as to (15). 

§5. — Reduction of a Single Quadratic Form to a Sum of Squares. 

We have obtained in §7, Sec. I, when A itself reduces to the identical col- 
lineation, an expression of J. in terms of the most general basis in S n-1 . Under 
our present hypotheses, A becomes the identical collineation only when (ax) 2 = 
and (6a;) 2 = coincide. Supposing then (axf = (bx)' 1 , we put the resulting col- 
lineation in its most general normal form, and again replace u K by (ax) a K and 
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u l K by (ax') a K . We have then the most general expression of (axf = as a sum 
of the squares of planes. The condition upon the parameters are 



( =F lor t ==x, ) 



i, x — 1, 2, n 



This is, of course, only the well-known expression of a quadric in S n_1 by 
means of a " self-polar" basis. 
Baltimore, Nov. 1903. 



